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A capillary switch is a system of two liquid drops, one sessile and the other pendant, obtained by overfilling a hole of
radius R in a plate. When surface tension dominates gravity, the equilibrium shapes of the drops are spherical sections
of equal radii. If the combined volume of the top VT and bottom VB drops exceeds 4pR3=3, the system has three equilib-
rium states of which two are stable. This bistability is exploited in applications by toggling the system between its two
stable states. Here, we examine the effectiveness of using an electric field for toggling. Bifurcation diagrams are
obtained that depict how the system’s response varies with applied field strength E, and show loss of stability at turning
points and the possibility of hysteresis. A phase diagram in E2ðVT1VBÞ space is presented to readily infer when an
electric field is an effective means for toggling. VC 2014 American Institute of Chemical Engineers AIChE J, 60: 1451–

1459, 2014
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Introduction

Single drops and bubbles, such as rain drops, water drops
hanging from faucets, and bubbles in carbonated beverages,
are commonplace objects of everyday life. They are also
extremely useful in applications ranging from ink jet print-
ing1,2 to measurement of surface tension.3,4 Consequently,
their dynamics have been studied extensively for almost 200
years.1,5,6 Double droplet or bubble systems (DDSs or DBSs)
are less common in everyday life but surprisingly they too
have received attention for over a century. Pioneering scien-
tific studies of such systems can be attributed to Plateau,7

who is widely known for his field defining work on surface
tension driven instabilities, and Boys.8 Indeed, Boys can
even be credited with having popularized DDSs and DBSs
by carrying out public demonstrations of some of their
remarkable responses to audiences consisting of juveniles in
the late 1800s. In these demonstrations, Boys showed that
when a valve in a tube connecting two tubes from each of
which a gas bubble, surrounded by an ambient liquid, is
pendant is opened so that the two bubbles become con-
nected, the larger bubble may grow at the expense of the
smaller one because the capillary pressure due to surface
tension is smaller in the larger bubble compared to that in
the smaller bubble. Similar observations were made by Pla-
teau who, however, used soap bubbles rather than gas bub-
bles in his experiments.

More recently, there has been a resurgence of interest in
DDSs owing to their occurrence in nature,9 as well as in
engineering applications where they may be used as optical
lenses10 and adhesives.11,12 In these more recent works, a
DDS, which is more commonly referred to as a capillary

switch (CS), is a system of two supported drops, one sessile
and the other pendant, that is obtained by overfilling with a
liquid a cylindrical hole of radius ~R in a plate. In the most
commonly studied cases where the fluid exterior to the CS is
a passive gas that exerts a constant pressure, the gravitational
Bond number NG, which measures the relative importance of
gravitational force compared to surface tension force, is van-
ishingly small, and the two drops are pinned at their contact
lines to the sharp edges of the cylindrical hole, the equilib-
rium shapes of the two drops are sections of spheres having
the same radii of curvature. As shown by Hirsa et al.,13

when the combined volume of the top ~V T and the bottom
~V B drops is less than 4p ~R

3
=3, there is only one equilibrium

state, which is stable, where both drops have the same vol-
ume (cf. Figure 1). As also shown by Hirsa and coworkers,
if, however, ~V T1 ~V B > 4p ~R

3
=3, there are three equilibrium

states (cf. Figure 1). One of these states corresponds to an
unstable equilibrium shape and is such that the two drops
have the same volume. The other two states correspond to
stable equilibrium shapes and are mirror images of one
another such that the top (bottom) big drop is the comple-
mentary spherical section of the bottom (top) small drop.
Hirsa and coworkers experimentally demonstrated that
coupled water droplets can be “toggled” from one of these
stable states to the other by an ambient pressure pulse.

An important challenge in many of the newer applications
with CSs is to devise a means that is reliable, has a fast
response, and is energy efficient to toggle the switch
between its two stable states. Previously studied means for
toggling include pressure excitations,13 electrochemical exci-
tations,14 electroosmotic excitations,15 and magnetic field-
induced excitations to toggle CSs composed of ferro-
fluids.16,17 Both from the standpoint of toggling and because
of its intrinsic importance in fluid mechanics, researchers
have also studied the oscillations of such coupled droplet
systems. Theisen et al.18 and Slater et al.19 have used
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lumped parameter models to study the nonlinear oscillations
of CSs. Also, a number of authors have used both analytical
and numerical methods to determine the eigen modes and
eigen frequencies of linearized axisymmetric oscillations of
CSs of both inviscid and viscous fluids.20–24 In this article,
we examine the effectiveness of using an electric field to
toggle a CS between such two states by determining as a
function of the applied field strength the axisymmetric
shapes and stability of a CS which is composed of a per-
fectly conducting liquid and where the ambient fluid is a
passive dielectric gas.

Calculating the shapes and stability of a CS or for that
matter of any other interfacial system such as, for example,
a drop, bubble, and liquid bridge in the presence of an elec-
tric field requires that one solve the augmented Young–Lap-
lace equation for the interface profile, which is the requisite
force balance at the interface between surface tension, elec-
tric, and gravitational forces, and the Laplace equation for
the electric potential in the surrounding dielectric medium.
Interest in the deformation of drops and bubbles with
increasing electric field strength and the onset of instability
of such systems when the field strength exceeds a critical

value can be traced to the experimental works carried out

almost a century ago by Zeleny25 who studied electrified

drops pendant from a charged nozzle and Wilson and Tay-
lor26 who studied electrified soap bubbles sessile on the bot-

tom plate of a charged parallel plate capacitor. These

pioneering works with supported drops and bubbles, and also

later ones with free drops by Nolan27 and Macky,28 showed

that a conducting drop or a bubble subjected to an external

electric field takes on a prolate shape in the direction of the
applied field prior to becoming unstable. Before the advent

of modern computers and computational methods, it was

prohibitively difficult to solve the augmented Young–Laplace

and Laplace equations. In what is now recognized as a land-

mark article, Taylor29 circumvented these challenges while

solving for the shape of a perfectly conducting drop in an

imposed electric field by developing the so-called two-point
approximation in which he assumed that the drop shape is

identically a spheroid and satisfied the augmented Young–

Laplace equation at only two specific points, the pole and

the equator, on the surface of the spheroid. A related approx-

imation was later developed by Borzabadi and Bailey30 who

relaxed the assumption that drop profiles be spheroidal

shapes but achieved a simplification in which they decoupled
the solution of the drop shape and electric field problems by

assuming a priori the charge density along the drop surface.

In the early 1980s, three research groups independently

developed distinct numerical methods for determining the

axisymmetric equilibrium shapes and stability of electrified

drops without having to resort to any simplifying assump-
tions as in previous works.31–33 Soon after the publication of

these articles, Basaran and Scriven,34 using the finite

element-based methods developed by Basaran and Scriven,32

carried out a detailed study of the axisymmetric shapes and

stability of electrified conducting drops that are sessile on or

pendant from a plate. These authors also corroborated some

of their numerical results by demonstrating excellent agree-
ment between the simulations and both new experiments on

soap bubbles that they carried out and also the old experi-

ments by Wilson and Taylor.26 Subsequently, Wohlhuter and

Basaran used methods similar to ones used by Basaran and

Scriven to study the axisymmetric shapes and stability of

pendant and sessile linearly35 as well as nonlinearly36 polar-

izable dielectric drops that are surrounded by a dielectric
ambient fluid. Harris and Basaran37,38 extended the earlier

works by studying the axisymmetric shapes and stability of

electrified drops hanging from a capillary tube for the situa-

tions in which a conducting pendant drop is surrounded by a

dielectric ambient fluid and a dielectric pendant drop is sur-

rounded by a conducting ambient fluid, respectively.
The layout of the remainder of the article is as follows.

Problem Formulation section presents the augmented
Young–Laplace and Laplace equations and the boundary
conditions governing the shape of an electrified CS and the
electric potential distribution in the ambient dielectric fluid
exterior to it. Numerical Methods and Ranges of Parameters
Considered section provides a brief summary of the numeri-
cal methods used to solve the governing equations along
with certain validation tests that have been carried out to
verify the correctness and accuracy of the algorithm used.
Results and Discussion section presents a number of results
including bifurcation diagrams that identify stable and unsta-
ble solutions in the governing space of parameters. The arti-
cle ends with conclusions and some ideas for future work.

Figure 1. A CS with fixed contact lines in the limit of
zero gravitational Bond number.

Top: selected equilibrium shapes, ðiÞ2ðvÞ. Bottom:

bifurcation diagram that identifies the various equilib-

rium states of the system by depicting the variation of

the difference in volume between the top and the bottom

drops, D ~V � ~V T2 ~V B, as a function of the sum of the

two volumes, that is, the total volume, ~V � ~V T1 ~V B. The

location of each equilibrium shape shown on top is iden-

tified in the bifurcation diagram below where equilib-

rium shapes that lie along curves drawn as thick solid

lines are stable and ones that lie along curves drawn as

thick dashed lines are unstable. State (i) represents a

stable equilibrium shape for which ~V <4p ~R
3
=3 and

D ~V 50. State (ii) corresponds to a neutrally stable shape

for which ~V equals the critical value 4p ~R
3
=3 and

D ~V 50. Although there is only a single equilibrium state

when ~V � 4p ~R
3
=3, there are three equilibrium states

for each value of the total volume ~V exceeding the critical

volume. For CSs of volume larger than this critical value,

the equivolume ðD ~V 50Þ configuration ðiiiÞ is an unstable

equilibrium state, whereas the two unequal volume ðD ~V
6¼ 0Þ configurations (iv) and (v) represent stable equilib-

rium states. [Color figure can be viewed in the online issue,

which is available at wileyonlinelibrary.com.]
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Problem Formulation

The system is isothermal and consists of a CS that is
obtained by overfilling with a liquid of constant density q a
cylindrical hole of radius ~R in a horizontal, circular, con-
ducting plate M that is grounded and has thickness ~LM, as
shown in Figure 2. Located a distance ~LT above and a dis-
tance ~LB below M are two additional conducting plates, each
parallel to and concentric with plate M. Unless otherwise
indicated, the top plate T is connected to a high voltage
power supply so that its potential ~U0 can be varied, whereas
the bottom plate B is grounded. The three plates have identi-
cal radii that are much larger than ~R and share a common
vertical axis SS with the hole in plate M such that SS is paral-
lel to the gravitational acceleration g. The plates fit snugly
inside a vertical, insulating cylindrical annulus of inner
radius equal to the radii of the three plates. The region XT

exterior to the top drop, referred to herein also as the sessile
drop, is occupied by a dielectric gas of permittivity eT that
exerts a constant pressure ~PT on the sessile drop. The region
XB exterior to the bottom drop, referred to herein also as the
pendant drop, is occupied by a dielectric gas of permittivity
eB that exerts a constant pressure ~PB on the sessile drop.
The surface tension of the interface ST separating the sessile
drop from the surrounding gas occupying XT is denoted by
cT and that of the interface SB separating the pendant drop
from the surrounding gas occupying XB is denoted by cB,
where both cT and cB are constants. Thus, unless otherwise
indicated, an electric field ~E exists only in XT and acts on
the sessile drop. At large distances ~L1 from the symmetry
axis SS, the electric field approaches a uniform field of
strength ~U0=~LT. In certain situations (see below), once the
sessile drop has been deformed sufficiently by the electric
field, the top plate T is grounded and the bottom plate B is
connected to the power supply so that the electric field exists
only in XB and acts solely on the pendant drop.

In this work, it proves convenient to use a cylindrical
coordinate system ð~r ; h; ~zÞ with its origin located at the cen-
ter of the circular contact line that the sessile drop makes
with the hole in plate M and where ~r is the radial coordinate,
~z is the axial coordinate that runs along SS or in the direction
opposite to g, and h is the usual angle measured around the
~z axis. Furthermore, the equilibrium shapes of CSs are taken
to be axisymmetric so that the problem is independent of h.
With this simplification, the physical domain is reduced
from fully three-dimensional (3-D) to 3-D but axisymmetric
in the ð~r; ~zÞ plane. In what follows, the mathematical state-
ment of the problem governing the equilibrium shapes and
stability of electrified CSs is presented in dimensionless
form by introducing the following scales: lc � ~R as charac-
teristic length, pc � cT= ~R as characteristic pressure, and Uc

� ~U0 as characteristic electric potential. In the remainder of
the article, variables without tildes over them are the dimen-
sionless counterparts of those with tildes, for example, r � ~r
= ~R and z � ~z= ~R.

In the electrostatic limit that applies in this article in
which magnetic field effects are negligible,39 the electric
field E can be expressed as the negative of the gradient of a
scalar electric potential U, viz. E 52rU and Maxwell’s
equations reduce to Laplace’s equation for the electric poten-
tial in the region exterior to the sessile drop

r2U50 in XT (1)

Here, U � ~U=~U0, r � ~R ~r, and E � ~E=ð~U0= ~RÞ.

Equation 1 is solved subject to a mixture of Dirichlet and
Neumann boundary conditions. The Dirichlet boundary con-
dition U51 is imposed along the top plate T and the Dirich-
let boundary condition U50 is imposed along both plate M
and the surface of the sessile drop ST. The Neumann bound-
ary condition n � rU50 is imposed along SS or the z axis
(r50) from the drop surface to the top plate on account of
axial symmetry. The Neumann boundary condition n � rU5

0 is also imposed at a large but finite radial distance r5L1ð
� ~L1= ~RÞ for 0 � z � LTð� ~LT= ~RÞ to enforce the require-
ment that the electric field asymptotically approaches the
parallel plate field at large radial distances from the sessile
drop. The outward pointing normal n equals 2er on SS and
1er on the asymptotic boundary located at r5L1, where er

is the unit vector in the r direction.
The profiles of the sessile and the pendant drops are

unknown a priori and vary as the field strength is varied.
The equilibrium shapes of the sessile and the pendant drops
are governed by the augmented Young–Laplace and Young–
Laplace equations, respectively, which are the requisite bal-
ances of forces at the two interfaces

22H5K2NGz1NEL2
TE2 on ST (2)

22Hg5K2DPBT 2NGz on SB (3)

where 22H � 22 ~H ~R5rs � n is twice the dimensionless
local mean curvature, rs � ~R ~rs is the dimensionless surface
gradient operator, and n is the unit outward normal to the
interface. Here, g � cB=cT is the ratio of the surface tension
of interface SB to that of interface ST, K � ð ~P02 ~PTÞ=ðcT= ~RÞ
is the so-called (dimensionless) reference pressure where ~P0

is the pressure in the sessile drop evaluated at the reference
plane ~z50, and DPBT � ð ~PB2 ~PTÞ=ðcT= ~RÞ is the dimension-
less pressure difference between the gas phase in the top
chamber and that in the bottom chamber. The two other
dimensionless groups in these equations are the gravitational
Bond number NG � qg ~R

2
=cT, which measures the relative

importance of gravitational to surface tension force, and the
electrical Bond number NE � eTð~U0= ~LTÞ2=ð2cT= ~RÞ, which
measures the relative importance of electrical to surface
tension force. The electrical Bond number is defined in terms
of the parallel plate field strength Ec � ~U0=~LT, as it gives
the right scale for the strength of the characteristic electric
stress 1

2
eTE2

c acting on the surface of the sessile drop. The

Figure 2. An electrified CS: definition sketch.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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additional term NEL2
TE2 in Eq. 2 accounts for the effect of

the electric field on the sessile drop.
The augmented Young–Laplace and Laplace equations

require two boundary conditions each. First, both equations
are solved subject to pinned or fixed contact line boundary
conditions, which are imposed as Dirichlet boundary condi-
tions, where each drop meets the sharp edge of the cylindri-
cal hole. Second, both equations are subject to boundary
conditions that enforce axial symmetry of the drop profiles,
which are imposed as Neumann boundary conditions at the
drop tips located at r 5 0.

Although DPBT , along with NG and NE, is a specified
parameter, K is also unknown a priori and is determined by
solving a volume constraint along with Eqs. 1–3

VT1VB5V (4)

where VT � ~V T= ~R
3

and VB � ~VB= ~R
3

are the dimensionless
volumes of the sessile and the pendant drops and V � ~V= ~R

3

is the dimensionless total volume of liquid contained in the
CS excluding the dimensionless volume of liquid pLM,
where LM � ~LM= ~R, held within the cylindrical hole.

Numerical Methods and Ranges of Parameters
Considered

Equations 1–4, along with the aforementioned boundary
conditions to which they are subject, are a set of coupled
nonlinear partial differential, ordinary differential, and alge-
braic equations. This equation set is solved using a numeri-
cal method consisting of the Galerkin finite element
method,34 elliptic mesh generation,40 and adaptive parameter
stepping.37 The correctness and accuracy of the algorithm
has been confirmed by a number of tests including slightly
modifying the new algorithm to determine the shapes and
stability of pendant and/or sessile drops in an electric field
and demonstrating that computational predictions made with
the new algorithm are in excellent agreement with published
results.34,37

When the relative importance of gravitational and electri-
cal forces are vanishingly small compared to surface tension
forces, both the gravitational Bond number and the electrical
Bond number equal zero (NG50 and NE50) and the shapes
of both the top and the bottom drops are sections of spheres
or spherical caps. If the dimensionless radii of these sessile
and pendant spherical caps are denoted by RT � ~RT= ~R and
RB � ~RB= ~R, respectively, then Eqs. 2 and 3 reduce to K52=
RT and K2DPBT 52g=RB. The typical size of most MEMS
devices range from a few to hundreds of micrometers.
Therefore, for a CS which uses water as the working fluid
and where the hole radius ~R5100 mm, NG51:431023 such
that the gravitational force is negligible compared to surface
tension force. Given the insignificance of gravitational force
in such small-scale CSs and in order to focus primarily on
the effect of electric force on the shapes and stability of
CSs, the remainder of the article is focused on situations in
which NG50, the two gas phases surrounding the CS both
above and below plate M exert the same pressure so that
DPBT 50, and the surface tensions of the two liquid–gas
interfaces separating the CS from the top and bottom gas
phases are equal so that g51. With NG50, DPBT 50, and
g51, RT5RB when NE50. Starting with a stable solution
corresponding to an unelectrified CS of RT5RB, families of
equilibrium solutions34,37 of fixed volume are then computed

by varying the electrical Bond number NE. Because the CS
and the middle plate M are perfectly conducting and when
the electric field solely acts on the top sessile drop, LM and
LB � ~LB= ~R have no effect whatsoever on the equilibrium
shapes and stability of electrified CSs. In the remainder of
the article, values of LT57:5 and L157:5 have been chosen
as further increases in the values of these two geometrical
parameters have been found to have a negligible effect on
the computed results.

Results and Discussion

To illustrate the response of a CS to an applied electric field,
let us consider a CS of volume VT1VB5 4

3
pð1:12Þ355:89

which in the absence of an electric field, that is, when NE50,
consists of a subhemispherical sessile drop of volume VT5

1:09 and a superhemispherical pendant drop of volume
VB54:80. Figure 3 shows the shapes of the sessile and the
pendant drops and also the electric field and the contours of
electric potential outside the sessile drop when the CS is sub-
jected to a weak electric field such that NE50:01. Figure 3
makes plain that the electric field causes the sessile drop to
deform in the field direction and also results in the volume of
the sessile drop to increase at the expense of that of the pend-
ant drop. As will be the case so long as the electric field solely
acts on the sessile drop, it follows from Eq. 3 that 22H5K
and, therefore, that the shape of the pendant drop should
remain a section of a sphere, which has constant mean curva-
ture K (the value of which depends on the electrical Bond
number), regardless of the value of NE. However, the profile
of the sessile drop is no longer a section of a sphere due to the
action of a spatially varying electric field, and hence a

Figure 3. The effect of the electrical Bond number on
the equilibrium shape of a CS of total volume
VT1VB5 4

3 pð1:12Þ3.

Here the solid curve (—) indicates the equilibrium shape

of the CS when NE50:01 and the dashed curve (- - -)

indicates the equilibrium shape of the same CS in the

absence of electric field, that is, when NE50. Also shown

in the figure in the region XT exterior to the sessile

drop when NE50:01 are the electric field vectors to the

left of the axis of symmetry SS (r 5 0) and the contours

of electric potential to the right of SS. The lengths of the

arrows denoting the electric field vectors have been

scaled relative to the maximum value of the electric field

strength. Each vector shown belongs to its base point.

Contour values of the electric potential are indicated by

the color scale bar to the right of the figure. [Color fig-

ure can be viewed in the online issue, which is available

at wileyonlinelibrary.com.]
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spatially varying electric stress whose magnitude is propor-
tional to the square of the strength of the local electric field,
along the surface of the sessile drop. Indeed, the electric field
strength (electric stress) varies from zero at the contact line
(r 5 1) to its maximum value at the apex of the sessile drop
(r 5 0), thereby causing the sessile drop to lose its spherical
symmetry and suffer a prolate deformation in Figure 3.

The evolution of a family of equilibrium shapes of a CS
of fixed volume with the strength of the applied electric field
can be conveniently displayed in a bifurcation diagram
where some measure of the system’s response, for example,
the difference between the volumes of the sessile and the
pendant drops, VT2VB, the reference pressure K, or the
aspect ratio of either drop, is plotted as a function of NE.
Figure 4(A), to be discussed first, and Figure 4(B), to be dis-
cussed below, show two such bifurcation diagrams where VT

2VB and K, respectively, are plotted as a function of NE for
a CS of volume VT1VB5 4

3
pð1:12Þ355:89. Along the

S-shaped curve that depicts the shape family, six points of
special interest are identified. Three of these points, ðaÞ, ðcÞ,
and ðeÞ, correspond to equilibrium solutions when NE50.
The other three, points ðbÞ, ðdÞ, and ðf Þ, correspond to turn-
ing or limits points where the slope of the S-shaped curve is
infinite. The equilibrium shapes at all six points are shown
in Figure 5. It is well known from bifurcation theory that
turning points identify locations in bifurcation diagrams
where a system will undergo a change of stability.41,42

Therefore, it proves expedient in what follows to discuss the
response of the CS along distinct portions of the S-shaped
curve by dividing the curve into several segments demar-
cated by these points and studying each one individually.

Here, the segments to be discussed consist of the branch
from ðaÞ2ðbÞ, the branch ðbÞ2ðcÞ2ðdÞ, the branch ðdÞ2ðeÞ
2ðf Þ and finally the portions of the S-shaped curve lying to
the left of ðaÞ and past the upper turning point ðf Þ.

As point ðaÞ represents a stable equilibrium state that cor-
responds to a CS with a subhemispherical sessile drop of
volume VT51:09 and a superhemispherical drop of volume
VB54:80 when NE50 (cf. Figure 5), all members of the
shape family that lie along the branch ðaÞ2ðbÞ that arise as
the electric Bond number is increased from zero to its value
at the turning point ðbÞ are therefore stable. It should be
noted that this stable branch, as all other stable branches, is
drawn as a solid curve in the bifurcation diagram, Figure
4(A). Similarly, all members of the shape family that lie
along the branch ðdÞ2ðeÞ2ðf Þ are stable as point ðeÞ also
represents a stable equilibrium state that, however, corre-
sponds to a CS with a superhemispherical sessile drop of
volume VT54:80 and a subhemispherical drop of volume VB

51:09 when NE50 (cf. Figure 5). Conversely, all members
of the shape family that lie along the branch ðbÞ2ðcÞ2ðdÞ
are unstable because point ðcÞ represents an unstable equilib-
rium state that corresponds to a CS with equivolume sessile
and pendant drops of volume VT5VB5 2

3
pð1:12Þ352:95

when NE50 (cf. Figure 5). It should be noted that this unsta-
ble branch, as all other unstable branches, is drawn as a
dashed curve in the bifurcation diagram. As has already
been stated, the turning points (b), (d), and (e) are associated
with a change in the system’s stability. Starting from the
known stable state (a) and moving in the direction of
increasing electric Bond number NE, the S-shaped curve
turns counterclockwise around (b) and the system loses

Figure 4. Bifurcation diagrams showing the evolution with the electrical Bond number NE of a family of equilibrium
shapes of a CS of volume VT1VB5 4

3 pð1:12Þ3: variation of (A) the volume difference between the sessile
and the pendant drops VT2VB with NE and (B) reference pressure K with NE.

Here, branches of stable solutions are denoted by continuous curves (—) and ones of unstable solutions are denoted by dashed

curves (- - -). In both panels, equilibrium states in the absence of electric field are identified by points (a), (c), and (e). Also in both

panels, points (b), (d), and (f) identify turning points where the system undergoes a change in stability. [Color figure can be viewed

in the online issue, which is available at wileyonlinelibrary.com.]
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stability. Similarly, starting from another known stable state
(e) and moving in the direction of increasing electric Bond
number NE, the S-shaped curve again turns counterclockwise
around (f) and the system once again loses stability. In con-
trast, starting from the known unstable state (c) and march-
ing toward (d), the S-shaped curve turns clockwise around
(d) and the system becomes stable once again. It should be
noted that solutions obtained for values of NE < 0 are not
physically realizable and represent purely mathematical solu-
tions of the governing equations that are automatically deter-
mined by the adaptive parameter stepping algorithm.

According to Figure 4(A), while VT2VB < 0 along branch
ðaÞ2ðbÞ (pendant drop being the larger of the two drops)
and VT2VB > 0 along branch ðeÞ2ðf Þ (sessile drop being
the larger of the two drops), the slope of the curve VT2VB

vs. NE is positive, that is, dðVT2VBÞ=dNE > 0, along both
branches implying that increasing NE leads to the growth of
the sessile drop at the expense of the pendant drop as the
total volume of the CS is fixed. In other words, the electric
field exerts an attractive force on the sessile drop pulling it
toward the top plate and thereby causing the transfer of vol-
ume from the pendant to the sessile drop, along both
branches. This behavior is further investigated using a sec-
ond bifurcation diagram, Figure 4(B), where the excess pres-
sure K within the CS over the ambient pressure is plotted as
a function of NE for the same CS as in Figure 4(A). Figure
4(B) shows that while K increases with NE, that is,
dK=dNE > 0, along branch ðaÞ2ðbÞ, K decreases with NE,
that is, dK=dNE < 0, along branch ðeÞ2ðf Þ. These findings
can be explained by taking advantage of the fact that when
NG50, the pressure is uniform within the CS and that the
pressure within the sessile drop is, therefore, the same as the
pressure within the pendant drop. However, the pressure
within the pendant drop, K, can be readily related to its vol-
ume, and hence its radius of curvature RB, because its equi-
librium shape is always a spherical section, so that K52=RB.

Along branch ðaÞ2ðbÞ, the volume of the pendant drop is
always larger than that of a hemisphere, VB > 2p=3, and

VB5
2p
3

R3
B1ðR2

B1
1

2
Þ
ffiffiffiffiffiffiffiffiffiffiffiffi
R2

B21

q� �
(5)

dVB

dRB

5
pRBffiffiffiffiffiffiffiffiffiffiffiffi
R2

B21
p RB1

ffiffiffiffiffiffiffiffiffiffiffiffi
R2

B21

q� �2

>0

(6)

Thus, as VB decreases, RB decreases with it along this
branch. As a result, K52=RB increases and hence dK=dNE

> 0 along the branch ðaÞ2ðbÞ, as shown in Figure 4(B).
Conversely, along branch ðeÞ2ðf Þ, the volume of the pend-
ant drop is always smaller than that of a hemisphere,
VB < 2p=3, and

VB5
2p
3

R3
B2ðR2

B1
1

2
Þ
ffiffiffiffiffiffiffiffiffiffiffiffi
R2

B21

q� �
(7)

dVB

dRB

52
pRBffiffiffiffiffiffiffiffiffiffiffiffi
R2

B21
p RB2

ffiffiffiffiffiffiffiffiffiffiffiffi
R2

B21

q� �2

(8)

<0

Thus, as VB decreases, RB increases with it along this
branch. As a result, K52=RB decreases and hence dK=dNE

< 0 along the branch ðeÞ2ðf Þ, as also shown in Figure 4(B).

Incomplete hysteresis

Figure 6(A) highlights an interesting phenomenon that we
shall refer to as “incomplete hysteresis” and which arises
when a CS is being switched between its so-called “down
state” where for NE50, the sessile drop is the smaller of the
two drops and has volume VT � V� < 2p=3 and its so-called
“up state” where for NE50, the sessile drop is the larger of

the two drops and the pendant drop has volume

Figure 5. Equilibrium shapes of a CS of volume V5 4
3 pð1:12Þ3 when NE5 (a) 0, (b) 0.03, (c) 0, (d) 20.03, (e) 0, and (f)

0.06 corresponding to points (a) through (f), respectively, in Figure 4.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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VB � V� < 2p=3, that is, the two states are mirror images of

one another about the conducting plate M. In Figure 6(A),
starting at point (a)—the down state—and as the field

strength or NE is progressively increased, the system goes

through a sequence of stable equilibrium states along the

lower branch of stable equilibrium solutions and eventually
reaches point (b)—a turning point. If the field strength or NE

were to be increased by even an infinitesimal amount beyond

its value at (b), the system would jump to the equilibrium
state (b0) located along the upper branch of stable equilib-

rium solutions. Now, starting at point (b0), if the field

strength or NE is progressively decreased, the system would
eventually reach point (e)—the up state where NE50. As NE

cannot become negative in a real experiment, the system

would remain stuck at (e). These results indicate that such a
CS would act as a one-way switch under the action of an

applied electric field. In situations where it is desirable to

switch the system back to its “down” state (a), an electric
field can then be applied solely in XB and hence on the

pendant drop, as shown in Figure 6(B). Starting at point (e),

as the field strength or NE is progressively increased, the sys-
tem would then march toward turning point (g) along the

upper branch and, upon an infinitesimal increase in NE, the

system would jump to the equilibrium state ðg0Þ located
along the lower branch of stable equilibrium solutions. Now,

starting at point ðg0Þ, if the field strength or NE is progres-

sively decreased, the system would eventually reach point
(a) again—the down state where NE50. It should be noted

here that the actual dynamics of such switches, however,

will depend on additional system parameters such as the

liquid’s density and viscosity.

Switchable range

Figure 7 is a bifurcation diagram that shows the evolution
of several families of equilibrium shapes of CSs of different
volumes with the electrical Bond number NE. This figure
makes plain that as the volumes of the CSs increase, the
lower turning points shift to the right, that is, to larger values
of NE. In other words, the field strength required to deform
the sessile drop and destabilize a CS increases as the sessile
drop becomes smaller. This result can be readily rationalized
by means of a simple scaling argument. If the electric stress
that tends to deform the sessile drop is balanced against the
capillary pressure due to surface tension that tends to prevent
the drop from deforming, it follows that the square of the
field strength times the characteristic linear dimension of the
drop (e.g., the cube root of its volume) must equal a con-
stant. Moreover, this result accords with findings of earlier
studies on conducting drops that are pendant from or sessile
on a solid surface which showed that the field strength
required to destabilize a drop increases as the drop volume
decreases.34 By similar reasoning, the upper turning points in
Figure 7 shift to the left, that is, to smaller values of NE, as
the volumes of the CSs increase as the field strength required
to deform the sessile drop and destabilize a CS decreases as
the sessile drop becomes larger. Therefore, as the total vol-
ume increases and the lower turning points shift to the right
and the upper turning points shift to the left, a critical value

Figure 6. Bifurcation diagrams showing the variation of the volume difference between the sessile and the pendant
drops VT2VB with the electrical Bond number NE of families of equilibrium shapes of CSs of volume
VT1VB5 4

3 pð1:12Þ3: shape family where the electric field is applied to (A) the sessile drop and (B) the
pendant drop.

The arrows indicate the paths that would be followed as the CS is quasistatically switched from the down state to the up state in

(A) and from the up state to the down state in (B). In both panels, branches of stable solutions are denoted by continuous curves

(—) and ones of unstable solutions are denoted by dashed curves (- - -).[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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of the total volume is eventually reached for which the val-
ues of NE at the two turning points become the same. For
total volumes larger than this critical value, the hysteresis
phenomenon discussed in the previous section is no longer
possible. Hence, there is an upper limit Vc on the total vol-
ume of a CS for which the system can be toggled from its
down state to its up state using an electric field. This upper
limit has been found from simulations to equal ð1:65Þ4p=3.

DDSs of volumes less than 4p=3, referred to as capillary
lenses (CLs), do not exhibit multiplicity of stable equilibrium
solutions. Figure 8 is a bifurcation diagram that shows the
evolution of several families of equilibrium shapes of CLs of
different volumes with the electrical Bond number NE. From
Figures 7 and 8, it can be readily inferred that the lower
limit on the total volume of a DDS for which the incomplete
hysteresis phenomenon reported earlier can be observed is in
fact the minimum volume 4p=3 required for unelectrified
DDSs to exhibit the sort of bistability that was discussed in
Introduction. Hence, these two limits bound the range of vol-
umes of CSs that can be toggled by means of an electric
field

4p
3
< VT1VB < Vc5ð1:65Þ 4p

3
(9)

Conclusions

In this article, the possibility of using an electric field to
toggle a CS exhibiting bistable equilibrium states has been
analyzed computationally by solving for the axisymmetric
shapes and stability of DDSs that are subject to an electric
field. The question of whether DDSs can be toggled and the
limits of stability of such systems with respect to applied
field strength are summarized in Figure 9 which is a phase
diagram in the ðNE;VT1VBÞ parameter space. As indicated
by Eq. 9, the region shaded in green and marked as 22S,
Switchable, in this figure represents the range of volumes
over which the system exhibits bistable nature and can be
toggled between its two bistable states by application of an
electric field. The top boundary of this region, which

Figure 7. Bifurcation diagram showing the variation of
the volume difference between the sessile
and the pendant drops VT2VB with the elec-
trical Bond number NE of families of equilib-
rium shapes of CSs of volumes of 4p=3 times
ð1:01Þ3, ð1:05Þ3, ð1:12Þ3, ð1:20Þ3, and ð1:25Þ3.

The upper and lower turning point along the shape fam-

ilies and stable and unstable branches along them are

identified as per the legends in the figure. [Color figure

can be viewed in the online issue, which is available at

wileyonlinelibrary.com.]

Figure 8. Bifurcation diagram for electrified capillary
lenses or coupled droplets of volumes less
than 4p=3 that shows that such systems do
not exhibit multiple stable equilibrium states.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 9. Phase plot in the space of the square of the
dimensionless applied field strength (NE) and
the dimensionless total volume (VT1VB).

The diagram identifies loci of both the lower and upper

turning points which represent values of NE at which

families of equilibrium shapes of CSs become unstable

to infinitesimal-amplitude perturbations. The diagram

also identifies regions of the phase space where no sta-

ble, one stable, and two stable equilibrium states exist.

The phase plot shows that there exist two regions in

which there are two stable equilibrium states: in one of

these regions, the CS is electrically switchable, but in

the other, the CS is not electrically switchable on

account of the fact that the value of NE at the lower

turning point is larger than that at the upper turning

point. [Color figure can be viewed in the online issue,

which is available at wileyonlinelibrary.com.]
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represents the locus of lower turning points, represents the
minimum field strength (or, equivalently, NE) required to
achieve toggling. All other regions correspond to systems
that either exhibit two stable states but are incapable of
being toggled via the application of an electric field or sim-
ply do not exhibit multiple stable states.

Having identified the regions of the parameter space
where an electric field can be used to quasistatically toggle a
CS, future work will focus on studying the dynamic response
of CSs using methods that recently have been used to study
the disintegration of electrified drops.43,44 Such studies can
then be used to calculate the total time required for toggling
as a function of the system properties and allow comparison
of the efficacy of electric fields against other methods for
toggling the system.
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